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Summary, Studies by computer simulation to determine applicability of the theory of the distribution of gene fre- 
quencies at the steady state of decay to small populations and the effect of linkage on the distribution revealed: 

t. For random genetic drift with no selection theory and observations agree weII for independent assortment and 
linkage. 

2. For random genetic drift with selection theory and observations agree weli for independent assortment and full 
dominance. Linkage with relatively large N s decreased the mean gene frequency of unfixed classes and the steady rate 
of fixation of the favorable allele. 

3. With independent assortment and additive gene effects agreement between theory and observations for the rates 
of fixation and loss at the terminal classes was good only for effective population number of at least 42. Small effective 
population numbers increased variance and decreased the steady rate of fixation and loss at the terminal classes. 

Linkage had no effect for small N s, but for relatively large N s, i t  decreased the mean of gene frequencies and increased 
the steady rate of fixation and loss at the terminal classes from that  of independent assortment. 

Two types of factors tha t  produce random fluctua- 
tion in gene frequencies exist. The first is random 
sampling of gametes in reproduction; the second, 
random fluctuation in systematic pressures, where 
random fluctuation in selection intensity may be 
important.  The random processes, alone or coupled 
with directed processes, operate to determine a prob- 
ability distribution of gene frequencies (this paper is 
concerned with only the random drift process and 
selection as a directed process). The first a t tempt  to 
determine distribution of gene frequencies was made 
by  FISHER (1922, t930) using the heat diffusion 
equation. He considered the random drift process, 
assuming no selection. WRIGHT (t931) studied the 
same problem using the method of integral equations. 
He has since published several papers on the prob- 
ability distribution, using the Fokker-Plank equa- 
tion. KIMURA (t955a, t955b, t957), using a conti- 
nuous Markov process in time and space (gene fre- 
quency), arrived at explicit solutions for the distribu- 
tion of gene frequencies under the case of random 
genetic drift alone and with selection. KIMURA (t957) 
states that  the continuous treatment is applicable if 
the population number N is large so t /N  is negligible 
compared with one. I t  is of interest, therefore, to 
investigate the applicability of the continuous treat- 
ment to small populations. Furthermore, since there 
is no general theory for linkage in the multi-locus 
case, what happens with linkage by comparison with 
the independent assortment for which theory is 
available is of importance. 

The purpose of this s tudy is twofold. To investi- 
gate by computer simulation a) the applicability of 
KIMURA's diffusion t reatment  to small populations 
and b) the effect of linkage on the distribution of 
gene frequencies. 

M a t e r i a l  a n d  M e t h o d s  

Distributions of gene frequencies of a single gene with 
two alleles under selection and random genetic drift were 
given by KIMURA (t955b, 1957) for the cases of no donli- 
nance and full dominance. Of particular interest here is 
the distribution of gene frequencies of unfixed classes in 
the state of steady decay. For no dominance the density 
function is 

/(Z) = e m-`)[l~ T~(z) + / o  T~(z) + l ~ + �9 �9 .3 ( I )  

where 
c ~ N s  
z = I -- 2 x; x = gene frequency of the favorable aIlele 
[n's are constants corresponding to the smalIest eigen value 

Tn(z)'s are the Gegenbauer polynomials, expressed in 
terms of the hypergeometric function. 
The steady rate of decay of the frequency distribution of 
unfixed cIasses is given by the smallest eigen value 20, 
which can be expressed as 

4 N 2o = c 2 - B1,0 (2) 
where 
N is the effective population number and Bx,o'S are sepa- 
ration constants obtained from tables listed in STRATTON 
et al. (I 94 a ). For a slightly different way of presenting (2) 
based on the new table of spheroidal wave functions by 
STRATTON et al. (t956) see KIMURA (1964) p. 29- 
The rate of fixation at the terminal class (q ---- t) equals 
2o/,(r being the probability of fixation of the favor- 
able allele as given by KIMURA. 

For full dominance the density function of the distribu- 
tion at the state of steady decay is 

t (x )  = e ~ < 1 - . / 2 ~  w0 (3)  

where 
w o = d oT~(z) + diTX,(z) + d2T[(z) + d~T~(z) + . . . .  

The dn's are given by KIMURA (1957). They can be 
evaluated in terms of d o and c for the smallest eigen 
value 2 o, which corresponds to the state of steady decay of 
the distribution. 
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The rate of f ixation and loss a t  the terminal  classes is 
given respectively by  

/(1)/4 N and /(0)/4 N .  (4) 

When c = 0 (no selection), the s teady rate of fixation at  
the terminal  classes is t /2 N. 

The densities in (t) and (3), expanded to the  T~(Z) 
term, were adjusted over the range 0 to I (fixed classes 
excluded), by  ROMBERG'S numerical integration procedure 
(BAUER et al . '  t936,) so the area under each curve was 
uni ty  and the first two moments for the unfixed classes 
were evaluated. The rates of fixation and loss at  the ter- 
minal classes were evaluated from (2) and (3). For  the 
case of random genetic drif t  with no selection, the mean 
and variance of the distr ibution of gene frequencies a t  
any t ime t were derived following the matr ix  approach 
used by  A. ROBERTSON (1952). This gave a mean /~x~ 
equal to q, the initial  gene frequency in the populat ion;  
and a variance 

The mean, variance and rates of f ixation and loss at  
the terminal  classes as evaluated for each distr ibution 
were compared with those obtained from simulation 
under independent assor tment  and linkage. 

For  a populat ion under selection, the selection coeffi- 
cient was calculated from HALDANE (193t), using the 
formula 

2 ~ k  
ap 

where 2 # = t = the difference between the genotypic 
values of the two homozygotes at  a locus. 
h = selection intensi ty in phenotypic  s tandard  deviation, 
ap = phenotypic  s tandard  deviat ion in the populat ion in 
the first generation. 
s, s t r ic t ly  speaking, is not  the same for dominance and 
addit ive gene effects, since ap is different. However, here 
the difference was negligible because the genetic variance 
was a small fraction of the phenotypic  variance. I t  there- 
fore, was ignored. By the same argument  any increase in 
s due to reduced genetic variance as a result of selection 
was not  considered significant. The variance effective 
populat ion number was calculated from KIMURA and 
CROW ( t 963) 

N e  -- (Nt_x -- f)~ 
I + V~/k 

where 
= the mean progeny number per parent  

and 
V~ = the variance in progeny number. 

The effective populat ion number,  as defined, is for genes 
under no selection. I t  is realized tha t  N e would probably 
decrease with directional selection. Since her i tabi l i ty  is 
low, tha t  was considered inconsequential.  

The  s imu la t i on  p r o g r a m  was w r i t t e n  for  t he  t 604 
CDC Compute r .  There  were 47 loci a n d  two  al leles 
pe r  locus.  An  allele a t  a locus was ass igned a t  r a n d o m  
wi th  an  e x p e c t e d  f r equency  of 0.5. Two cases were  
s t u d i e d  a) No  l inkage  and  b) All  47 loci l inked  on one 
ch romosome  of 50 m a p  un i t s  w i th  equa l  d i s t ances  
be tween  loci. The  genet ic  mode l s  were a d d i t i v e  and  
comple t e  dominance .  F o r  each  mode l  an i n d i v i d u a l  
p h e n o t y p i c  va lue  in each  gene ra t i on  was the  sum of 
i ts  47 equ iva l en t  gene con t r i bu t i ons  p lus  or minus  
a r a n d o m  e n v i r o n m e n t a l  effect .  P o p u l a t i o n s  of di f fer-  
r en t  sizes were g e n e r a t e d  a n d  pa i r  m a t i n g  was a t  
r a n d o m  wi th  one sire m a t e d  to  one dam.  Se lec t ion  

was d i r ec t i ona l  or  r a n d o m  a n d  t h e  size of t h e  p opu l a -  
l a t ion  was k e p t  cons t an t .  To i l l u s t r a t e ,  a 4 - - 1 - - 4  
p o p u l a t i o n  ( tab le  t )  s t a n d s  for four  pa i r  m a t i n g  w i th  
4 offspr ings  (20, 2 ~) pe r  ma t i ng .  F o r  the  p o p u l a t i o n  
size to  r ema in  c o n s t a n t ,  four  males  and  four  females  
a re  se lec ted  as p a r e n t s  of t he  n e x t  genera t ion .  A po-  
pu l a t i on  unde r  cons ide ra t ion  was r ega rded  as be ing  
i n i t i a l l y  a r a n d o m  sample  f rom a h y p o t h e t i c a l l y  
large  p o p u l a t i o n  in l inkage  equ i l ib r ium.  F r o m  the  
foregoing i t  is e v ide n t  t h a t  t he  s i m u l a t e d  cases agree  
well  w i th  t h a t  of KIMURA excep t  for  4. l inkage  and  2. 
the  smal l  p o p u l a t i o n  numbers .  Thus  a n y  de v i a t i ons  
in t he  n u m e r i c a l  r esu l t s  f rom t h a t  of KIMURA can be  
i n t e r p r e t e d  as be ing  due  to  these  two  factors ,  The  
sma l l  p o p u l a t i o n  n u m b e r ,  as ide  f rom giv ing  rise to  
a d i sc re te  change  in gene f requency ,  can cause  r a n d o m  
f luc tua t ions  in s f rom gene ra t i on  to  gene ra t ion  as 
well as be tw e e n  loci  w i th in  a genera t ion .  Also,  t he  
l inkage  d i s equ i l i b r ium ar i s ing  f rom a smal l  s ample  of 
p a r e n t a l  g e n o t y p e s  wil l  in t he  presence  of d o m i n a n c e  
cause  p se udo -ove rdomina nc e .  Se lec t ion  is also l ike ly  
to genera te  a s l ight  nega t ive  l inkage  d i s equ i l i b r ium 
(NAsSAR a n d  COMSTOCK, t966  a n d  u n p u b l i s h e d  re-  
sul ts) .  Al l  these  fac to rs  are  i ne v i t a b l e  consequences  of 
a n y  se lec t ion  p r o g r a m  in smal l  p o p u l a t i o n s ;  a n d  
t a k e n  t o g e t h e r  can  cause  de v i a t i ons  f rom KIMURA'S 
a s s u m p t i o n  of a con t inuous  change  in gene f r equency  
w i th  a f ixed  s. Hence ,  a n y  effect  due  to  a sma l l  popu-  
l a t ion  n u m b e r  m u s t  be r e g a r d e d  as a c o m b i n a t i o n  of 
effects  due  to  these  i n s e p a r a b l e  fac tors .  

The  c o m p u t e r  runs  were ca r r i ed  to  f ixa t ion  for 
smal l  p o p u l a t i o n s  a n d  b e y o n d  4 N  gene ra t ions  for 
r e l a t i v e l y  large popu la t i ons .  The  d a t a  g a t h e r e d  on 
each p o p u l a t i o n  inc luded  the  mean  and  va r i ance  of 
gene f r equency  and  t h e  r a t e  of f i xa t ion  a n d  loss a t  
t he  t e r m i n a l  classes.  The  r a t e  of f ixa t ion  a t  t he  
t e r m i n a l  class (1) a t  t ime  t was c o m p u t e d  as t he  diffe-  
rence be tw e e n  the  n u m b e r s  of loci f ixed  a t  t h a t  class 
in t ime  t and  t - - I  over  the  n u m b e r  of loci t h a t  
were seg rega t ing  a t  t ime  t - - t .  The  r a t e  of loss a t  the  
t e r m i n a l  class (0) was ca l cu l a t ed  in t he  same  manne r .  
The  s t a t e  of s t e a d y  d e c a y  in  gene ra t ions  was de te r -  
m i n e d  f rom regress ing  the  r a t e  of f i xa t ion  or  loss of 

Table 1. Simulated populations with their respective selec- 
tion coefficients (s), variance effective population numbers 
(Ne)  and generation interval at the state o] steady decay. 

a -= 0 is additive and a = I is complete dominance 

Gene- 
Population Ne s Ns a rations 

4 - - t - - 4  t0  .1034 t.034 0 15--35 
t 15--35 

4 - - t - - 2 0  8.32 .243 2.02 0 10--20 
l 16--32 

16-- t - -4  42.0 .0238 1.0 0 84--  104 
1 8 4  - -  1 0 4  

4 - - 1 - 4  t 0  0 0 2 0 - 3 0  
4 - - t - - 4 0  8.15 0 0 t 6 - - 2 6  
8 - - 1 - - 4  20.66 0 0 40--50 
16 - -1 - -4  42 0 0 84--94 
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a terminal class (the rate for each generation was an 
average of 20 replications) on generation number and 
finding the generations for which the linear regression 
coefficient was not significantly different from zero. 
Table I gives the generation interval at which the 
rates of fixation and loss were taken as constant by  
virtue of the zero regression coefficient. For popula- 
tions with no selection this was beyond 2 N generations 
in agreement with theoretical results by  KIMURA 
(t955 a) for an initial gene frequency of a half. In all 
cases about one half of the number of loci was fixed 
at t he  beginning of the interval of steady decay. The 
interval could have been extended to ultimate fixa- 
tion, but  to do so would have increased the standard 
error of the estimate. Consequently the interval was 
terminated when about 5 loci were still segregating. 

For each population a statistic (except for variance 
of gene frequency under no selection) was an average 
of all generations in the state of steady decay and of 
20 replications. For the variance of gene frequency 
under no selection, the average was over 20 replica- 
tions at a single generation. In all cases the standard 
error of an estimate was based on 20 replications. 

Results  

For the case of random genetic drift and no selec- 
tion theory and observations agreed well for the inde- 
pendent assortment, as shown in table 2. I t  is also 

seen that  linkage caused no deviations from theoreti- 
cal expectations. However, there was, in general, an 
increase in the variance of the rates of fixation at the 
terminal classes and of gene frequency as can be seen 
by comparing the standard errors for estimates under 
independent assortment and linkage for any one 
population (table 2). 

The data in table 3 for random genetic drift and 
selection shows good agreement between theory and 
observations for independent assortment and full 
dominance except for the variance of gene frequency 
of 4 -  t - 4, 4 -  t - 20 and the mean of 4-1-20. All of those 
were less than their theoretical values. In the addi- 
tive case, the 1 6 -  t - 4 population agreed well with the 
theoretical rates of fixation at the terminal classes. 
All three populations showed an observed mean gene 
frequency less than the theoretical mean and a vari- 
ance greater than the theoretical variance. For the 
4 - 1 - 4  and 4 -  t - 20 populations the rates of fixation 
at the terminal classes were considerably less than 
the theoretical rates. 

For linkage and additive gene effect there was no 
significant change for N s -  t.0 from that  of inde- 
pendent assortment. For N s - -  2.0, however, mean 
gene frequency was significantly reduced and rate of 
fixation and loss at the terminal classes and of the 
variance of gene frequency were significantly increas- 
ed (table 3). Considering full dominance and linkage, 

Table 2. Observed and expected values/or the mean and variance o/gene/requency (q) and rates o/fixation at the terminal 
classes (1,o)/or random genetic dri/t and no selection 

Gene- 
Population ~ /xq ration S~ a~ 

Observed rate of fixation Expected rate of 
fixation 

Class (t) Class (0) Class (1) Class (0) 

Independent Assortment 
4--1--4 .503+.014 .5 20 .1574-.0034 .160 .026-[-.004 

25 .1814-.0037 .180 
30 .193-1-.0030 .t96 

4-- 1--40 .540+.0t4 .5 16 .151-t-.0039 .159 .029+.0035 
21 .t76-+-.0032 .184 
26 .195-t-.003 .202 

8--1--4 .4914-.013 .5 40 .154+.0044 .t56 .0096+.0012 
50 .171+.oo45 .177 
60 .191• .193 

1 6 - 1 - 4  .4954-.013 .5 84 .1584-.0o3o .t59 .00484-.00047 
t04 .180-I-.0030 .178 
124 .1954-.0034 .193 

Linkage 
4 - - t - - 4  .4856-.0t5 20 .159+.0072 .0228:k.004 

25 A73• 
30 .t88-+-.0069 

4--1--40 .525+.015 16 .154- - I - . 0063  .0248-t-.0044 
21 .1724-.0059 
26 .191+.0063 

8--1--4 .505.+.012 40 .1514-.0048 .00924-.00156 
50 .164+.0056 
60 .1854-.0039 

16--1--4 .4924-.0097 84 .1534-.0035 .00474-.00067 
t04 .1754-.0046 
124 .194+.0047 

.026+.002 .025 .025 

.029q-.0026 .0306 .0306 

.o111+.0001 .o121 .ol 2t 

.00539+.00073 .0o595 .oo595 

.0244-I-.0053 

.0213+.0039 

.0098+.00215 

.0069q-.0015 
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Table 3. Observed and expected values for the mean and variance of gene frequency (q) o /un f i xed  classes and the rates of 
fixation at the terminal classes (1,o) for additive (a = o) and dominance (a = 1) under random genetic drift with selection 

Population a ~ /~q S~ a~ 
Observed rate of fixation Expec ted  rate of 

f ixat ion 

Class (1) Class (0) Class (1) Class (0) 

Independent Assortment 
4--1 --4 0 .534-t-.0029 .665 .0711+.0087 

t .5783-.0116 .588 .0579+.0015 
4--1--20 0 .661+.016 .790 .05974-.OO29 

t .6294-.OO7 .668 .05t4-.0022 
16--1--4 0 .5884-.017 .664 .O7974-.OO4O 

1 .5714-.0131 .587 .07324-.0031 
Linkage 
4- -1- -4  0 .552+.013 .0701-1-.004 

1 .5414-.008 .O6134-.OO29 
4--1--20 0 .6074-.0134 .O7044-.0O4 

1 .5963-.0075 '.0502-1-.0025 
16--1--4 0 .5754-.0092 .08784-.0041 

t .5694-.011 .O7534-.O034 

.0693 .0404-I-.0031 .0123+.0017 .0522 0.194 

.0725 .0324+.0025 .0112+.0009 .0336 .01t9 

.O424 .O627+.O042 .01012-4-.0015 .1369 .0185 

.0567 .048t-t-.0033 .OO4574-.OOO74 .O467  .00459 

.0695 .0113+.001 .OO384-.OOO6 .0124 .0046 

.0726 .00719-4-.OO08 .002173-.00054 .OO8 .00286 

.03484-.004 .o137q-.oo27 

.0243+.0032 .o124~.oof8 

.0772~.0033 .0249+.o030 

.0328+.0033 .o046• 

.olo54-.0017 .00355+.00063 

.00954-.0015 .0023• 

there was for N s -  2, a significant decrease in the 
mean gene frequency and s teady rate of fixation of 
the favorable allele from tha t  of independent assort- 
ment.  

Discuss ion  

In the case of independent assor tment  and domi- 
nance, KIMURA'S continuous t rea tment  is applicable 
to very small populations except for the variance of 
gene frequency. In the additive case the continuous 
t rea tment  was applicable for the rates of fixation 
at the terminal  classes for population size 42, still 
relatively small. The effect of small population size 
is to incresae variance and reduce mean gene fre- 
quency of unfixed classes and the s teady rate  of fixa- 
tion and loss at the terminal  classes as compared to 
theory.  The larger the N s value, the larger the 
discrepancy. Linkage seems not to disturb results 
from tha t  of independent assor tment  for small N s 
(N s < 1.0). However,  for relatively large N s the 
most  impor tant  effect is an increase in rates of fixa- 
tion and loss at the terminal  classes with a greater  
proport ionate  increase in rate  of loss. Tha t  means 
tha t  t ime to fixation and probabi l i ty  of fixation of 
the favorable allele at the limit are decreased from 
tha t  of independent assortment.  For dominance and 
linkage compared with independent assor tment  the 
rate  of fixation of the favorable allele is reduced, 
which implies an increase in t ime to fixation, and 
a reduction in probabil i ty  of fixation at  the limit. 
These findings are in accord with results by  NASSAR 
and COMSTOCK (1966) in tha t  in the multilocus case 
linkage with selections (N s > l) reduced the prob- 
abil i ty of fixation of the favorable allele in the limit 
for additive and dominance gene effects and increased 
the t ime to fixation for dominance while decreasing 
it for additive gene effects. HILL and ROBERTSON 
(t966) and LATTER (t966) have also found in the two 

locus case tha t  linkage reduced the probabil i ty  of 
fixation in the limit for additive genes. 

Linkage caused no deviations from theoretical 
results for the case of drift and no selection. The 
effect of linkage seems to be in its interaction with 
selection. A relat ively large N s is needed for the 
effect to be significant. 

Zusarnmenfassung  
Simulationsexperimente am Computer  zur Unter-  

suchung der Anwendbarkei t  der Theorie der Vertei- 
lung yon Genfrequenzen mit  einer stetigen Verfallsrate 
auf eine kleine Populat ion unter  Beriicksichtigung des 
Einflusses der Koppelung auf die Verteilung ergaben : 

1) Bei zuf~illiger genetischer Drift  ohne Selektion 
s t immen Theorie und Beobachtung sowohl fiir die 
Annahme freier Spaltung als auch fiir die der Koppe-  
lung gut iiberein. 

2) Bei zufiilliger genetischer Drift  mi t  Selektion 
s t immen Theorie und Beobachtung ftir die Annahme 
freier Spaltung und vollst~indiger Dominanz gut 
iiberein. Bei relativ groBen Werten von N s redu- 
ziert Koppelung die mit t lere Genfrequenz unfixier- 
ter Klassen und die stetige Fixierungsrate begiinstig- 
ter Allele. 

3) Bei freier Spaltung und addit iver  Genwirkung 
war die idbereinstimmung zwischen Theorie und 
Beobachtung hinsichtlich tier Fixierungsrate und des 
Verlustes in terminalen Klassen nur fiir eine effektive 
Populationsgr6Be von mindestens 42 Individien gut. 
Kleinere effektive Populationsgr6Ben steigern die 
Varianz und rednzieren sowohl die stetige Fixierungs- 
rate  als auch den Verlust in den terminalen Klassen. 
Bei kleinen Werten von N s hat Koppelung keine 
Wirkung, jedoch reduziert  sie die mit t lere Genfre- 
quenz und erh6ht die stetige Fixierungsrate und den 
Verlust in den terminalen Klassen im Vergleich zu 
freier Spaltung dann, wenn N s relativ grog ist. 
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